In the paper, new set-valued contraction mappings are introduced and a fixed point theorem for such mappings is established. An example to illustrate main result is given.
Introduction and preliminaries
Let (X, d) be a metric space. We denote by CB(X) the family of nonempty closed and bounded subsets of (X, d). Let H(·, ·) be the Pompeiu-Hausdorff distance on CB(X), i.e., Denote δ(x, A) = sup{d(x, y) : y ∈ A}, where A ∈ CB(X).
The author of [13] gave a generalization of Banach's contraction principle [2] to the case of set-valued mappings. And then, many authors generalized and extended the result of [13] in many directions (see [1, [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and reference therein).
Especially, the authors of [9] obtained a generalization of the result of [13] . They proved the following result. Theorem 1.1. [9] Let (X, d) be a complete metric space. Suppose that a set-valued mapping T : X → CB(X) satisfies the following condition:
H(T x, T y) ≤ km(x, y) (1.1)
for all x, y ∈ X, where k ∈ [0, 1) and m(x, y) = max{d(x, y), d(x, T x), d(y, T y), 1 2 {d(x, T y) + d(y, T x)}}. If x → d(x, T x) is lower semi-continuous, then T has a fixed point in X. That is, there exists an x * ∈ X such that x * ∈ T x * .
Let (X, d) be a metric space and x 0 ∈ X, and let T : X → CB(X) be a set-valued mapping. Then, a sequence
) be a complete metric space. If a set-valued mapping T : X → CB(X) satisfies the following condition:
there exist two constants θ ∈ (0, 1) and L ≥ 0 such that
for all x, y ∈ X, then T has a fixed point in X. Moreover, for any x 0 ∈ X, there exists an orbit {x n } of T at the initial point x 0 that converges to a fixed point x * of T , for which the following estimates hold: there exists a constant k ∈ (0, 1) such that
for all x, y ∈ X, then T has a fixed point in X.
In this paper, we introduce new set-valued contraction mappings and establish a new fixed point theorem for such mappings, which is a generalization of the results of [3, 9, 11] . 
Fixed point theorems
Let (X, d) be a metric space, and T : X → CB(X) be a set-valued mapping, and let x 0 ∈ X. Then, X is called T -orbitally complete if any Cauchy subsequence {x n(k) } of {x n } converges to some point in X, where {x n } is a Picard orbit of T at initial point x 0 ∈ X.
Note that if T : X → X is a single-valued mapping, then X is T -orbitally complete if any Cauchy subsequence {x n(k) } of the sequence {x n } defined by x n+1 = T x n , n = 0, 1, 2, · · · , x 0 ∈ X converges to some point in X.
Also, note that completeness implies T -orbitally completeness, for a set (or single)-valued mapping T . Theorem 2.1. Let (X, d) be a metric space, and let T : X → CB(X) be a set-valued mapping. Suppose that X is T -orbitally complete. If T satisfies the following conditioin:
for all x, y ∈ X, where L ≥ 0, then T has a fixed point in X. Moreover, for any x 0 ∈ X, there exists an orbit {x n } of T at the initial point x 0 that converges to a fixed point x * of T , for which (1.3) and (1.4) hold.
Proof. Let x 0 ∈ X, and let x 1 ∈ T x 0 .
If x 0 = x 1 , then x 0 ∈ T x 0 , and the proof is finished.
Assume that x 0 = x 1 .
From (2.1) we have
We deduce that
From (2.2) and (2.3) we obtain
, then T has a fixed point, and the proof is finished.
Assume that
Let k be fixed such that max{α 0 , r} < k < 1. Then, from (2.4) we have
, where
We have
From (2.6) and (2.7) we have
We deduce that β 1 ≤ α 0 . In fact, we obtain
By applying Lemma 1.1 with x 2 ∈ T x 1 , we can choose x 3 ∈ T x 2 such that
If x 2 = x 3 , then the proof is finished.
Then, it is easy to see that α 1 ≤ α 0 . Let
Then, we deduce β 2 ≤ α 1 . From (2.1) we have
Thus we have
By applying Lemma 1.1 with x 3 ∈ T x 2 , we can choose x 4 ∈ T x 3 such that
Assume that x 3 = x 4 . From (2.9) we have
Continuing this process, we obtain a sequence {x n } ⊂ X such that for all n = 1, 2, · · · ,
Note that {x n } is an orbit of T at the initial point x 0 . For m > n, we obtain
Thus, {x n } is a Cauchy sequence in X. By the T -orbitally completeness of X, there exists x * ∈ X such that lim n→∞ x n = x * .
We deduce
By letting n → ∞ in the above inequality (2.13) and by using (2.14), we have
which implies d(x * , T x * ) = 0. Thus, x * ∈ T x * , and so T has a fixed point. We now show that (1.3) and (1.4) are satisfied. From (2.12) we have
Letting m → ∞ in above inequality, we have (1.3). From (2.10) we have
Letting p → ∞ in above inequality, we have (1.4).
By Theorem 2.1, we have the following corollaries.
Corollary 2.2. Let (X, d) be a metric space, and let T : X → CB(X) be a set-valued mapping. Suppose that X is T -orbitally complete. If T satisfies the following conditioin:
for all x, y ∈ X, where L ≥ 0 and n(x, y) = max{d(x, y), 1 2 {d(x, T x) + d(y, T y)}, 1 2 {d(x, T y) + d(y, T x)}}, then T has a fixed point in X. Corollary 2.3. Let (X, d) be a metric space, and let T : X → CB(X) be a set-valued mapping. Suppose that X is T -orbitally complete. If T satisfies the following conditioin:
for all x, y ∈ X, where L ≥ 0, then T has a fixed point in X.
Corollary 2.4. Let (X, d) be a metric space, and let T : X → CB(X) be a set-valued mapping. Suppose that X is T -orbitally complete. If T satisfies the following conditioin:
Corollary 2.5. Let (X, d) be a metric space, and let T : X → CB(X) be a set-valued mapping. Suppose that X is T -orbitally complete. If T satisfies the following conditioin:
Remark 2.1. Corollary 2.5 is a generalization of Theorem 5 of [11] . If we have X is complete and m(x, y) = d(x, y), Corollary 2.5 becomes Theorem 5 of [11] .
Corollary 2.6. Let (X, d) be a metric space, and let T : X → X be a mapping. Suppose that X is T -orbitally complete. If T satisfies the following conditioin:
for all x, y ∈ X, where L ≥ 0, then (a) T has a fixed point in X;
, whenever x * and y * are two distinct fixed point of T ;
(c) for each x 0 ∈ X, the Picard iteration {x n } given by x n+1 = T x n , n = 0, 1, 2, · · · , converges to a fixed point x * of T , and the following estimates hold:
there exists a constant k ∈ (0, 1) such that
Proof. By taking single valued mapping in Theorem 2.1, we obtain (a) and (c).
To prove (b), let x * and y * be two distinct fixed points of T . We have , whenever x * and y * are two distinct fixed points of T ; (c) {T n x} converges to a fixed point, for all x ∈ X.
Remark 2.2. Corollary 2.8 is a generalization of Theorem 1 of [11] . If we have X is complete and L = 0, then Corollary 2.8 reduce to Theorem 1 of [11] .
The following example illustrates Theorem 2.1. Example 2.1. Let X = {0, 
